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Learning Hierarchical Distribution (1/2)
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Learning Hierarchical Distribution (2/2)

log(prob.) =-10.41 + [Bread] + [Milk] [Apple]
VILE |" ~ 9.03[Bread&Milk] + 9.43[Milk&Apple]
Bread Milk Apple Prob.fromdata Learned prob.
Boltzmann X X X ? 0.0000300109
machine O X 0.375 0.3749599867
x O X ? 0.1499903954
Bread —> x  x O ? 0.0000000016
O O X 0.375 0.2250096042
/ O x O ? 0.0000200043
x O O 0.25 0.0999895960
Milk —— Apple o O O ? 0.1500004008
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Tensor (Matrix) Balancing
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Tensor (Matrix) Balancing

P---
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Introduce n and 6

Pun P P13z P ] N=> N2> N3 Na

2 R A

P P22 P23 Paa No1=> Oz Or3» 054

P31 P32 P33z Pza * * * *

N31~ O3 033 O34

| Pa1 Paz Paz Paa | * * * *

Matrix balancing is achieved if: N4> Oay—> B4z Oag
M=4Nn=3,N571=2,Na1="1
NMi=4,N2=3,M3=2,Ms=1
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Definition of n

Pn P2 Pz P
P21 P22 P23 Paa

>

P31 P32 P33 Pza

| Pa1 Pax Paz Pas
Matrix balancing is achieved if:
M=4Nn=3,N3n=2,Na1=1
NMi=4,N2=3,N3=2,NMa=1

N> N2> M3 Na

20 R A

N> 02— 053> 04

20 2 A

N31—> O3 033 034

2 2 A

’741_) 942_> 943_> 644
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Definition of n

Pun P P13z P ] N> N2> N3 Na

P21 P2 P23 Poaa > N> Opy—> Oy 0, 3

P31 P32 P33 Pza * * * *
N31—> O3 033 034

| Pa1 Paz Paz Paa | * * * *

Matrix balancing is achieved if: Na1=> Oay—> B43—> O
Mm=4Nn1=3,N31=2,Na1=1
NMi=4N2=3,M3=2,Ma=1
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Definition of n

Pun P P13z P ] N> N2> N3 Na

2 R A

P21 P22 P23 Paa Ny1=» O O3 0,4

P31 P32 P33 Paza * * * *

N31— O3, 033 034 | 2

| Pa1 Paz Paz Paa | * * * *

Matrix balancing is achieved if: I
M=4Nn=3,Nn=2,Nan=1
NMi=4N2=3,M3=2,Ma=1
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Definition of n

Pun P P13z P ] N> N2> N3 Na

P21 P2 P23 Poaa 31— By O3> Or

P31 P32 P33 Paza * * * *
N31—> O3 033 034

| Pa1 Paz Paz Paa | * * * *

Matrix balancing is achieved if: Nar—> Qg Buz—> g |
Mm=4Nn1=3,N31=2,Na1=1
NMi=4N2=3,M3=2,Ma=1
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Balancing as Constraints on n

Pun P P13z P ] N T N2 11N 1T M
; 4 ; 3 ; 2 ; 1
P21 P22 P23 Paa > >8> 0,, 6,
L3
P31 P32 P33 Paza Y * * *
Dar Daz Das D ’731"2> O3, 033 O34
41 Paz Paz Paa '
Mt batancing i« achoved i Y v v Y
alriX Dalancing IS acnieveda Ir: ’741__) 642—> 943_» 944
NMi=4,N1=3,N31=2,Ng1=1 1 .
Mm=4N2=3,N3=2,Na=1 Change Fix 0
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e-Projection = Balancing

O (i#1,i21)

are fixed
] \ . E'nn_’rhz_’ ’713“”]14}
5' e-projection &_‘},"S*Qr v 5 j ______ i_____i_‘
: = Balancing | nz1-§->i922—> Oy3—> 924§
P; Yy vy
Q\ . E ’731'!‘>E932_> 033> 634E
6 ni=nn=i RO B N
(Balanced tensors) E..’Z‘B _-5->5 Ou> Oz T:.Qﬁ‘fii)/zo



Speedup on Hessenberg Matrix

Number of iterations
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From Matrix to Poset (DAG)

P P12 P13z Pia
P21 P22 P23 Poaa >
P31 P32 P33 Paa

 Pa1 Paz Paz Pag




Partially Ordered Set

- Partially ordered set ( ) (S, <)

(i) x < x (reflexivity)
(ii) x <y, y <x = x =y (antisymmetry)
(ili) x <y, y £ z= x <z (transitivity)

— We assume that S is finite and includes
the least element (bottom) L € S

O :G - Equivalent to a DAG
— Each x € Sisa node

- x <=y & yisreachable from x
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Log-Linear Model on Poset

« A probability vector p:S - (o, 1
Each x € Shas a triple: P Y p:5 = (0,1)

(p(x), 6(x), n(x)) St ) yes P(X) =1

— (Normalized) weight for each node

- We introduce 6:S - R and n:S - R as
log p(x) = )_6(s),
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Log-Linear Model on Poset

Each x € S has a triple:
(p(x), B(x), n(x))

- A probability vector p:S - (o, 1)

st.) o p(x) =1
— (Normalized) weight for each node

- We introduce 6:S - R and n:S - R as

log p(x) = ) 6(s), 6(x) = ) uls,x)logpls)

S<X SES
n(x) = )_pls), plx)= ) ulx,s)n(s)
s2X SES
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Mobius Function

(:SxS—-{0,1}
1 ifs < x,
0 otherwise.

clsx) = |

u:S xS -7

1 ifx =y,
u(x, y) = —2X55<yu(X,S) ifx <y,
0 otherwise.

— We have (u =/, that is;
ZSES C(S’ y)u(X,S) = szssy [.l(X,S) = 5)()’
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Mobius Function Is Generalization of
Inclusion-Exclusion Principle

« Forsets A, B, C,
JAUBUC| =|A| +|B|+|C|—|AnB|—|BNnC|-|AnC|+|AnBnC(|

- Ingeneral, for A, A,,..., A,

- The Mobius function u is the generalization of “

(A

j€J

Jea,.. n} J#@

n
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Riemannian Manifold with Info. Geometry

Solution Q

m-flat submanifold

e-projection =

D[P, Rl = D[P, Q] + Dk[Q, R]
I e-flat submanifold

- on

ae(;i B ZSES X,s)Cly, sip(s) = nx)nly)
Sy~ L6, e

Capture partial order structure ;5,54



For Example: Binary Case

« Our model

logp(x) =) 6(s), n(x)=) pls)

S<X SZX
is generalization of the log-linear model
on binary vectors with x € {0, 1}” =S:

log p(x Z@x +Z:<19 x'x +.
+0" " x'x* ... x" -y,

n' =E[x']=Pr(x' = 1),

n =E[x'x']=Prix' = x' =1),..
18/20




Various Posets

Subset of power set| [Directed Acy-
clic Graph

Positive integers

Prefixes
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Summary

. for

— Learning process can be achieved as a
in the parameter space (dually flat manifold)

- Several applications

— Boltzmann machines
— Matrix (Tensor) balancing
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