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Various Hierarchical Models as Posets
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Pattern Mining
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Frequency as Importance Measure
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Probability on Poset

Binary vectors
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Pattern Mining —» Upward Analysis
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Boltzmann Machines

Boltzmann machine

Poset (itemset lattice)
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Boltzmann Machines - Downward Analysis

Boltzmann machine

p: Probability

0: Coefficient of BM
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7/34



Pattern Mining & Boltzmann Machines

Boltzmann machine

-—--——

n: Frequency
p: Probability
0: Coefficient of BM
n{® @} =p({0 e} +r({0 0 e}

log p({@,@}) = 0({@,@}) + 6({@}) + 0({@}) + 6(D) | g/34




Partially Ordered Set

- Partially ordered set ( ) (S, <)

(i) x < x (reflexivity)
(ii) x <y, y <x = x =y (antisymmetry)
(ili) x <y, y £ z= x <z (transitivity)

— We assume that S is finite and includes
the least element (bottom) L € S

O :G - Equivalent to a DAG
— Each x € Sisa node

- x <=y & yisreachable from x
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Log-Linear Model on Poset

Each x € S has a triple:
(p(x), B(x), n(x))

- A probability vector p:S - (o, 1)

st.) o p(x) =
— (Normalized) weight for each node

- We introduce 6:S - R and rrS - R as

9(x)=z s, x)logp(s) Zp

SES S>X

« From the Mobius inversion formula:

logp(x) =) 6(s), p(x) = ) ulx,s)n(s)

S<X SES
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Mobius Function on Poset

(:SxS - {o,1}
1 ifs < x,
o otherwise.

clsx) = |

u:S xS -7

1 ifx =y,
u(x, y) = —2X55<yu(X,S) ifx <y,
0 otherwise

— We have (u =/ ( ):

Zses C(S, Y)“(XIS) = szssy [.l(X,S) = 5xy
11/34



Dually Flat Structure

- Band n forma
Vy(6) =n, Vo(n) =06
- (0) =-6(L) ==logp(L), @(n) =) ,cs P(x)log p(x)

- (6) and ¢(n) are connected via the

o(n) = mef,aX(G’n - w(G')), 6'n=) oo, @)
o (8) and ¢(n) should be convex
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Gradient and Riemannian Manifold

- The gradients: g(6) = VVy(0) = Vn, g(n) = VVe@(n) = V6

on(x)

Ixy(0) = =) (X, s)Cly,s)p(s) = n(x)n(y)

7T 96(y) SEZS
‘ 30/(x) _
Ixy(n) = = s, X)uls, y)p(s)

! an(y) SEZS

— (and u are the and the

determined by the partial order (DAG) structure
— The manifold (S, g(§)) is a with

the set S of probability vectors and the

g(¢)
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Fisher Information Matrix and Orthogonality

- Since g(§) coincides with the

) ) T
E 380 log p(s) 360,) log p(S)_ = gxy(6),
S 5 -
E 30X log p(s) ) log p(S)_ = gxy(n)
- andn are ,i.e.,
) 9 ) N _
E[ 5500 109 P(s) 55 log p(S)] —SEZS ,S)U(s,y) = B,y
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e-Projection and m-Projection

e-projection p  6(x)=alx)

,"'/\ 40/ VX €
N N
m-projection|: A
P Q n(x) = Bx) .
‘'VxeB=S5"/A —7
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e-Projection and m-Projection

bl
9 e-projection p  6(x)=alx)
m-projection i DxLIF, R] = A
\ | DkLIP, Q1 + Dk[Q, R]
PQ %) = B B )

A VxeB=St/A
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e-Projection and m-Projection

/ MLE
e-projection p

i
m-projection|s
' Boltzmann
\ machine




Computation of e-Projection

- Given P and 8, we compute P such that

[ 8n)=6ro) ifx (51 (L) domi)
1ey(x) = Blx)  if x € dom(B)

- Initialize with Pl(go) = P and, at each step t,

update r)f,fﬁ)(x) for x € dom(f)
- Since 8 and n are , we can change ngfg(x)
while fixing 95:; (y) for y ¢ dom(f)
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Gradient

- We can use as we can compute the derivatives

06""(x)/an"(y) and an'""(x)/26"(y),
thanks to the

- Gradient of 8 and n is obtained as the Riemannian metric:
9(9) = VVy(0) = Vnand g(n) = VVe(n) = V6

X; > Ux,s)ly,s)p(s) = n(x)nly),
X)

SES

=) uls, x)uls,y)p(s)”

SES
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Newton’s Method (1/2)

- Each step of Newton’s method:

100 - Blx) |, |

— Jisthe |[dom(B)| x |[dom(gB)| Jacobian matrix given as

gy () 3 (1
Jyy = =) x,s)cly.slpg (s) = np, (X)n,
00, (y) i3 S

for each x, y € dom(g)
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Newton’s Method (2/2)

6(t+1)(X)

Pg

- Each update is

—J

— J"isthe inverse of J

— Jisthe |dom(f)| x |[dom(B)| Jacobian matrix given as

J

Xy =

an(,f;(X)

36, (y)

> x,s)ly,s)pp(s) =,

SES

for each x, y € dom(p)

(t)
Mp,

(y)'— Bly)
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CP Decomposition

- Approximate a tensor X’ by R rank-1 tensors:
R
Xijjk = Z,=1 UirVirWir
— Number of parameters IJK - R(I + J + K)

0
+




Tucker Decomposition

- Approximate a tensor X’ by three matrices and a core tensor:

R «S T
lek ~ Zr=1 25=1 Zt=1 CI’StuiI’ijWkt
— Number of parameters IJK - RST + IR+ JS + KT

-
KW
K R T J
J 5 Rl €
Iy ~ Jlu S V. |5
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From Matrix to Poset (DAG)

P P12 P13z Pia
P21 P22 P23 Poaa >
P31 P32 P33 Paa

 Pa1 Paz Paz Pag




Legendre Decomposition

Input matrix:
_Pn P12 P13 P14_
P21 P22 P23 P24
P31 P32 P33 Psa

Par Paz Paz Paa
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Legendre Decomposition

Input matrix: Reconstructed matrix:
Pn P Pz P dun G1z Gz Ga
Legendre
P21 P22 P23 Pa2a | decomposition | g1 G2 G23 (a4
>
P31 P32 P33 Pza s (32 (33 (za
Par Paz Paz Paa s qa2 (a3 (ag
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Legendre Decomposition

Input matrix:

P P12 P13z Pia
P2 P2 P23 Poaa
P31 P32 P33 P3a

Legendre
decomposition

Pa1 Paz Paz Paa

>

4

Reconstructed matrix:

0: parameter

————————————

———————————————————————

————————————

Decomposition basis (arbitrary subset of indices)
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Legendre Decomposition

Input matrix: Reconstructed matrix:
P Pz P13 P 1 On  Or 613§
Legendre i i
Pxn Pa2 P2 P2 | decomposition |i6xn 6 0
> || i

P31 P32 P33 Pza

Par Paz Paz Paa




Legendre Decomposition

Input matrix: Reconstructed matrix:
Pn Pi2 P13z Pa

Legendre
P21 P22 P23 P24 | decomposition

>
P31 P32 P33 Pza

Par Paz Paz Paa




Legendre Decomposition

Input matrix: Reconstructed matrix:
Pn Pi2 P13z Pa §911 61 i
Legendre R e '
P P22 P2 P2 | decomposition
>

P31 P32 P33 P3a
Par Paz Paz Paa




Legendre Decomposition

Input matrix: Reconstructed matrix:
Pn Pu P Pu N Ne Ms Mhal
Legendre i S
Pn P22 P2 P2 | decomposition |21 N2 |
» | :
P31 P32 P33 Psa /%031 nszi
_p41 Paz Pas p44_ n: constraint _mﬂ--’-?iz-*: _

Decomposition basis (arbitrary subset of indices)
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Legendre Decomposition

Input matrix: Reconstructed matrix:

Pn P2 P13 P
Legendre | oo

decomposition | :

P21 P22 P23 Paa positi & /i'(bz d23 Cl24i

P31 P32 P33 Psa / 1 432 (33 Q34§

i Pa1 Paz Paz P44_ ni= 3 qu : _Clé_lg__g_ﬁ_gftfl_:_
k=i l>]j



Legendre Decomposition

Input matrix: Reconstructed matrix:
Pun P12 P13z P ;-C-I;;-"C;;i
Legendre ! !
P21 P22 P23 Pa2a | decomposition ' J23 (aa!
> B
P31 P32 P33 Psa / 1 033 (341
_p41 Pa2 Paz P44_ ni= 3. qu Lﬂ‘.‘?-_g_“_‘ﬂ_
k=i l>]j
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Legendre Decomposition

Input matrix: Reconstructed matrix:
M N2 s a Mi T2 3 Ta
o Legendre
Nan N2z decomposition |21 N2

>
Na1 Ns2 Find@st.n=n [N N3
Nar Naz Nar Ta2
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Information Geometry

SolutionQ  Decomposable
tensorR_ 1 e-flat submanifold

/\\ -

e-projection = Legendre decomposition (= MLE)

Input
tensor P

6

m-flat submanifold
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Information Geometry

an(x)
o0(y) Z565 X,s)cly,s)p(s) — nix)nly)
00(x) _ B

_only) - Zses| 3, X 5:}/'[9(5)

Capture partial order structure
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Summary of Lectrue

. connects
pattern mining and Boltzmann machines

— Applications including

— Sugiyama, M., Nakahara, H., Tsuda, K.:
Tensor Balancing on Statistical Manifold, ICML 2017

- Discrete structure (posets) + Information Geometry
= Strong formulation for data analysis!

- Further application to

— Sugiyama, M., Nakahara, H., Tsuda, K.:
Legendre Decomposition for Tensors, NeurlPS 2018
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