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Our Messages� �
1. As a baseline for graph kernels, a fixed-length-k randomwalk kernel

is better than a geometric randomwalk kernel
2. Simple baseline kernels on label histograms should be employed� �
RandomWalk Kernels
• Measure the similarity between graphs by counting matching walks

• The direct product G× = (V× , E× , ϕ×) of two graphs G and G′:
V× = { (v , v ′) ∈ V × V ′ ∣ ϕ(v) = ϕ′(v ′) },
E× =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ((u, u′), (v , v ′)) ∈ V× × V×

»»»»»»»»»»»»
(u, v) ∈ E ,(u′ , v ′) ∈ E ′ ,
ϕ(u, v) = ϕ′(u′ , v ′)

⎫⎪⎪⎪⎬⎪⎪⎪⎭
– All labels are inherited
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G G’ Gx: product graph

• The k-step (fixed-length-k) randomwalk kernel between G and G ′:

K k
×(G ,G ′) = ∣V×∣

∑
i , j=1

[λ0A0× + λ1A
1
× + λ2A

2
× + ⋅ ⋅ ⋅ + λkA

k
×]i j (λ l > 0)

– A×: The adjacency matrix of the product graph

• K∞
× can be directly computed if λℓ = λℓ for each ℓ ∈ {0, . . . , k}

(geometric series), resulting in the geometric randomwalk kernel:

KGR(G ,G′) = ∣V×∣
∑
i , j=1

[λ0A0× + λ1A1× + λ2A2× + λ3A3× +⋯ ]i j = ∣V×∣
∑
i , j=1

[ ∞

∑
ℓ=0

λℓAℓ
×]

i j

=
∣V×∣
∑
i , j=1

[(I − λA×)−1]i j
– Well-defined only if λ < 1/µ×,max (µ×,max is the max. eigenvalue of A×)

– δ× (min. degree) ≤ d× (average degree) ≤ µ×,max ≤ ∆× (max. degree)

Main Theorem
• Since λ is relatively small, halting of randomwalks occurs:

KGR(G ,G′) = ∣V×∣
∑
i , j=1

[ λ0A0× + λ1A1×ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
K 1
×(G ,G ′) + λ2A2× + λ3A3× +⋯ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

→ 0

]i j
• Theorem: For a pair of graphs G and G′,

K 1
×(G , G′) ≤ KGR(G ,G′) ≤ K 1

×(G ,G ′) + ε, ε = ∣V×∣ (λ∆×)2
1 − λ∆×

– ε → 0 (monotonic) as λ → 0

– λ0 = 1 and λ1 = λ in the randomwalk kernel
– Normalized version:

1 ≤
KGR(G ,G ′)
K 1
×(G ,G ′) ≤ 1 + ε′ , ε′ =

(λ∆×)2(1 − λ∆×)(1 + λd×)
Relationships to Linear Kernels
• The lower bound K 1

×(G ,G ′) is just a linear kernel on label histograms:

KH(G ,G ′) def= K 1
×(G ,G ′) = KVH(G ,G′)ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

Vertex labels

+ λ KVEH(G , G′)ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
Vertex + edge labels

1 1 1 0 0 0 0 1 1 0 0 0
1 0 0 0 0 0 0 0 2 0 0 0

2G
G’

G
G’

1 1
2 0 1 KVH(G, G’ ) = 5

KVEH(G, G’ ) = 3

Consequence� �
Geometric randomwalk kernels may degenerate to simple kernels
between node and edge label histograms� �

Datasets

Dataset Size #cls. avg.∣V ∣ avg.∣E∣ max∣V ∣ max∣E∣ ∣ΣV ∣ ∣ΣE ∣ max∆×

ENZYMES 600 6 32.63 62.14 126 149 3 1 65
NCI1 4110 2 29.87 32.3 111 119 37 3 16
NCI109 4127 2 29.68 32.13 111 119 38 3 17

Experimental Results
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Comparison of KGR with KH k-step Kx
kComparison of various graph kernels(i) (ii) (iii)
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Semi-simulated graphs with randomly added edges
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